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Barem de notare si evaluare
Olimpiada Nationala de Matematica
Etapa Locala, 8 februarie 2025
Clasa a IX-a

Subiectul 1

Ecuatia devine 3{x} = 2[x] + 1 — [x + %] EZ

Cum 3{x} € [0,3), deducem ca 3{x} € {0,1,2}, deci {x} € {O,é,g}.

Ip
. . 1
Pentru {x} = 0, x € Z si atunci [x + E] =x, [x] = x. Ip
Astfel, ecuatia devine x = 2x + 1, deci x = —1. Ip
1 1 5 . .

Pentru {x} = > avem [x + E] = [[x] + g] = [x], ecuatia devine

1 Ip
[x] =2[x]—14+1, [x] =0si x ==

3 Ip

2 1 7 . .
Pentru {x} = 5> avem [x + 5] = [[x] + g] = [x] + 1, ecuatia devine Ip
1
[ +1=2[]-2+1, [x] =2si x =5 P
TOTAL Tp
Subiectul 2
Din ab + ac + bc = V3abc = (ab + ac + bc)? = 3abc. Ip
Cum a + b + ¢ = 1, putem scrie (ab + ac + bc)? = 3abc(a + b + ¢). 2p
Atunci a?b? + a?c? + b?c? = a®bc + ab?c + abc?. Ip
Relatia de mai sus devine
a’b? + a?c? + b*c? — 2a’bc — 2ab?*c — 2abc? = 0 i astfel avem
(ab — bc)? + (bc — ac)? + (ac — ab)? = 0, de unde Ip
ab = ac = bc. Ip
Rezultd 22 = 2€ a—bc, astfel vom obtinea = b = ¢ = -. 1p
ab bc ac > 3

TOTAL Uy
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Subiectul 3

AF +BD +CE =AB—FB+BC—DC+ CA—EA.

Prin urmare, AF + BD + CE + EA+ FB+DC = AB+ BC + CA = 0.

—_— P —_— R — R — —_— — P ——— —_— — 1
Cum AF + BD + CE = EA + FB + DC, vom obtine ci 2(AF + BD + CE) = 0. P
Notam AF =x, BD = y,CE = z.

Astfel, avem AF = iZﬁ,B—ﬁ = Lﬁ,ﬁ = 2 CA.
x+y z+y x+z 2p
AF + BD + CE =——AB + BC + CA Ip
xX+y z+y X+z
X — Z — —
=< - y)AB+<y - )AC:O,
x+y z+y z+y x+z
Ip
E,ﬁ sunt vectori necoliniari, deci =2 X - si X _Z =9
x+y  z+y z+y  x+z
Prin urmare, y? = xz,z?> = yx si apoi x? = yz.
Astfel, x2 + y2 +z2 =xz+ yx + yz
& 2x2 +2y2 4+ 222 — 2xz — 2yx — 2yz =0 p
Sx-—yY)2+(—272+(z—x)>=0e x =y =z o AABC echilateral. Ip
TOTAL 7p
Subiectul 4
Folosind inegalitatea Cauchy-Buniakowski-Schwarz, obtinem
(abc + a?b + bch + cac)? <
< (a?b? + a*+b%c? + c?a®)(c? + b? + b? + ¢?) Ip
= 2(a?+b?)(a?+c?)(b%*+c?).
Astfel, abc + a?b + b%c + c?a < \/2(a?+b?)(a%+c?)(b2+c2). (1)
Ip
Din nou cu inegalitatea Cauchy-Buniakowski-Schwarz avem,
2
(a®+b?)? = (Wa - ava+Vb-bVb) <
2 2
< (vVa' +vb ) ((ava)’ + (bVB)") = (a + b)(a® + b?). Ip
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Intrucat (a + b)? < 2(a?+b?), se obtine
(a?+b®)* < (a+ b)?(a® + b3)? < 2(a®+b?)(a® + b3)? =
(a?+b?)3 < 2(a® + b3)2.
Analog, (a?+c?)3 < 2(a® + c2)?, (c?+b?)3 < 2(c3 + b3)2.
Prin urmare,

(a?+b?)3(a?+c?)3(c?+b?)® < 8(a® + b3)?(a® + c3)?(c® + b3)2 = 183

1
= (a®+b?)(a®+c?)(b%?+c?) < 18 Y abc + a?b + b%c + c?a < 6.

2p

Ip

TOTAL
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