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CLASAalX -a

SOLUTII SI BAREME ORIENTATIVE

Nota: Fiecare subiect se puncteaza de la 0 la 7 puncte.

Pentru orice solutie corecta, chiar daca este diferita de cea din barem, se acorda
punctajul corespunzator.

. a) Calculati suma S = [\/1 . 2] + [\/2 . 3] + [\/3-4J+...+[\/n-(n+ 1)],n € N".

b) Rezolvati in R ecuatia ] +{1} ={x} J{l] unde [x] si {x} sunt partea intreaga,
X X

respectiv partea fractionara a numarului real X .

Solutie:

a) k? <k(k+1) < (k+1) =k < k(k+1) <k+1= | Jk(k+1) |=k, k=Ln.

n(n+1)
S=1+2+3+...+n= 5

b) Ecuatia din enunt [x]+{1}={x}{l} este echivalenti cu [x]—{l}z{x}—{l}

X X X X

= [ ezt-{Je 1o =m-[]=om-f=0=m=[] t1={]

X X

Deci x=[x]+{x}= {1}+{1} _1 ,deunde x = 1 = X =1, Xx=-1, care verifici ecuatia.
X X X X
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Detalii de rezolvare Barem

asociat
8) k* <k(k+1)<(k+1) =k < fk(k+1) <k +1=| Jk(k+1) |=k, k=Ln 2p
S=1+2+3+..+n= n(n+1) 1p

-\ 5| -0~ {3} - ez m-He 1p

-] 1|0 (- {3} 0= 2| t={ 1} = x] 2

X=—=x=1 x=-1, care verificd ecuatia 1p
X
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2. Coardele [AB] si [CD] ale cercului (O, r)sunt perpendiculare si se intersecteaza in

punctul P. Sd se demonstreze relatia: PA+PB+PC+PD=2PO.

C
Solutie:
Fie M mijlocul coardei [ AB]si N mijlocul coardei [CD]. A
Rezultda ca OM L AB, ON L CD, iar OMPN dreptunghi.
Din regula paralelogramului, OP = OM + ON.
Din regula triunghiului,
PA—POG+0A, PE~PG+0B, PC - PG+0C, PD - PG+ 0D,
D
de unde, prin Insumare obtinem PA+PB+PC +PD =4PO +(ﬁ+@)+ (O—C +O—D) .
Cum OA+OB =20M, OC +0D = 20N, avem
ﬁ+@+P—C+ﬁ:4PO+20—M+20—N:4PO+2(O—M+O—N)
PA+PB+PC +PD =4PO +20P = 2PO.
Detalii de rezolvare Bargm
asociat
OP = OM + ON 1p
PA=PO+0A, PB=PO+0B, PC=PO+0C, PD=PO+0D, 3p
ﬁ+ﬁ+ﬁ+ﬁ:4PO+(ﬁ+Cﬁ)+(ﬁ+O—D)
OA+OB =20M, OC +0D = 20N 1p
PA+PB+PC +PD =4P0O+20P = 2PO. 2p
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3. Fie ABCD un patrulater si punctele M, N, P, Q astfel incat

AM = MB. BN = 3NC, ﬁ:p—cﬁg:%ﬁ

a) Demonstrati ¢ MN +MQ = %(E + B—C) .

b) Aratati ca dreapta MP trece prin mijlocul segmentului NQ.

Solutie:

a) Din AM = MB rezulti ci M este mijlocul [AB]. Analog, P este mijlocul [DC].

mzsmza—zgs—c, ﬁ):%m:m:%m

MN -+ MQ = BN + BN+ MA +AQ = BN +AQ - - (BC+AD).
. . — 1/ —\ 3/== =
b) Fie S mijlocul [NQ] :>MS=E( N+ Q)=§(BC+AD)(1)
ZW=(MK+E+§)+(M€+§:+E):>W=%<E+%)(Z)
Din (1) si (2) = MP = gM—S rezultd ca punctele M, S, P sunt coliniare, deci dreapta MP

trece prin mijlocul [NQ].

Detalii de rezolvare Bare_m
asociat
a) M este mijlocul [AB], P este mijlocul [DC]. 1p
— — —— 3= . — 1— — 33—
BN:3NC:>BN:ZBCSI DQ:ZDA:AQ:ZAD 1p
MIN -+ MQ = BN + BN+ MA +AQ = BN+ AG = - (BC-+AD) 2p
b) S mijlocul [NQ] :>M—5=1(W+Wg)=§(§:+m) 1
2 8 P
ZW:(M+E+E)+(M€+B—C+E):>W:%<E+ﬁl) 1p
MP = gM—S = M, S, P sunt coliniare = dreapta MP trece prin mijlocul [NQ]. 1p
4
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4.a)FieneN,nz2.Ara‘1ta‘gicél+l+...+ ! >n_—l
3 5 2n-1 n+2

b) Fie x € (0.1). Aritati ¢ x—x° <%
Solutie: a)
P(n):1+1+...+ ! >n—_1,Vn22

3 5 2n-1 n+2
P(2):1>1adevérat

3 4
presup unem P(k):1+1+...+i>ﬂ, adevarata, vk >2

3 5 2k-1 k+2

1 1 k
+ + >
2k-1 2k+1 k+3
k-1 1 k
+ >
k+2 2k+1 k+3
2k% +1 . Kk
(k+2)(2k+1) k+3

dar k>2=k’>k<k’-k+3>0 adevarati, Vk>2
Deci P(k) = P(k +1), Wk > 2
Atunci P(n) adevarata, Vn > 2

P(k+1 :1+£+...
3 5

dar, ms > (de demonstrat)

adica o 2% +6k*+k+3> 2k +5k2+2k = k* =k +3>0

x+1—x? x+1—x%)?
b) xE(0,1),mgSma(:M/x(1—x2)ST@x—aﬁS%
x+1—x%?% 1
@%<E®(x+1—x2)2<2

1 1 1
dar xe(0,1):0<—x2+x+1=—(xz—x)+1:—(x2—2x5+z)+z+1=

5 ( 1)2<5 (i1 2)2<25<2
= —_ — —_—— —ﬁ —_ —_—
1 \¥732) =37V )T =T6
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:>(x+1—x2) SE<2

Detalii de rezolvare Bargm
asociat
a)P(n):l+l+...+ L >n—_1,Vn22
3 5 2n-1 n+2
11 1p
P(2):=>=adevarat
3 4
presup unem P(k):l+l+...+i>ﬂ, adevarata, Vk > 2
3 5 2k-1 k+2 1p
P(k+1):l+1+...+ L + 1 > a
3 5 2k-1 2k+1 k+3
k1, 1 o (de demonstrat)
k+2 2k+1 k+3
2k2+1 k 2 2 2 2p
>—— < 2K +6k? +k+3> 2k% +5k% +2k = kP —k+3>0
(k+2)(2k+1) k+3
k>2=k*>k< k?*-k+3>0 adevirati, Vk>2
_x2 x+1-x2)
by m, <m, & x(l—xz)SXJrl X ox xss( ) =
2
(x+1-x) 2 P
= <—<:>(x+l—x) <2
4
2
O<—x2+x+l:—(x2—x)+1:—(x2—2x-1+£j+1+1:§—(x—1j <2
2 4) 4 4 2) T4 .
2 25 P
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