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Clasa a Xl-a
Subiectul 1
Din (det (X))’ =det(X?)=25 se obtine det(X )==5. 1p
Daci det(X)=5, cu relatia Cayley-Hamilton: X?—tr(X)-X +det(X)-1,=0,,
6 -8 1
rezultd tr(X)-X = X*+5l, = : P
4 -2
Avem tr(tr(X)-X)=4, deci (tr(X))2 =4, adica tr(X)==2. 1p
i t caz obti wgiite: X =[° Hgix, [ # 1
n acest caz oovtinem solutiiie. = 1 = .
’ AT )M T 2 P
» - ) -4 -8
Daci det( X )=-5, Tn mod analog avem tr(X)-X = X*-5l, = 4 o) 1p
Apoi, tr(tr(X)-X)=-16, deci (tr(X))2 =-16, de unde tr(X)=+4i. 1p
R . . i 2i) -1 =2
In acest caz obtinem solutiile: X, = . _ [ si X, =| . . 1p
-1 3 i -3
TOTAL p
solutie alternativa
3 a b 1 -8) ., U3
Daca X = , A= st X“=A,atunci X°=AX = XA. 1p
c d 4 -7
_(a+4b -8a-7b a-8 b-8d ) 2c+d -2c
Rezulta = ,apoi X = 1p
c+4d -8c-7d 4a—-7c 4b-7d c d
.o, [2c°+4cd+d® —4c¢®-4cd
si X°= ) s o |- 1p
2¢c” +2cd -2c“+d
2 — A implicd ¢’ +cd =2 .
= mplica .
P -2¢+d? =-7 P
2
Avem 7(c2+cd)+2(—2c2+d2)=o:>3c2+7cd+2d2:0:3(%) +7-§+2:o,
1 Ip
de unde Ee{——,—z}.
d 3
i ) o 3 -4) . -3 4
Daca ¢c=-2d, obtinem c=%2 si d =F1 siavem X, = st X, = . 1p
2 -1 -2 1
) .. . 20 . -1 =2
Daca d =—3c, obtinem c=+i si d =F3i siavem X,=| . si X, =| . -] 1p
—i

TOTAL

p




Subiectul 2

a)
Prin inductie matematica avem ca X, = COS 211 , Vn>1. 3p
s I; : T
Rezulta limx, =limcos —=1. 1p
n—oo n—oo 2n+
solutie alternativa
Inductiv, se aratd ca x, €(0,1), vn>1. 1p
o . . 9 /1+ X
Din inegalitatea mediilor rezultd X, = > L 2>2YX, =X, vn=1. 1p
Deci (Xn)nzl crescator si marginit, de unde rezulta (Xn)nzl convergent. 1p
Prin trecere la limitd in relatia de recurentd obtinem cd limx, =1. 1p
b)
- 1—005% 72
Avem 1@04"-(1—xn):'!m4”.[1—cosﬁjzim4”- . 2 S 2p
)
72_2
Asadar, |im4”‘(1—xn)=g. 1p
TOTAL p
Subiectul 3
a)
Avem 0=det(M")=(det(M))", deci det(M)=0. 1p
Din egalitatea Cayley-Hamilton se obtine M? = tl’(l\/l ) M si, iIn mod inductiv,
- 1p
M =(tr(M))" M.
Asadar (tr(M ))"’1 M =0,, ceea ce implicd tr(M)=0 sau M =0,, ambele situatii 1p
conduand la M? =0, .
b)
Conform subpunctului a), X*=Y?=0,. 1p
a’+bc=0
a b . b(a+d)=0
Fie A= ,cu a,b,c,d eZ si A*=0,. Rezultd ( ) .
c d c(a+d)=0
bc+d*=0
o : . a’ : 1p
Intrucdt b=0, avem a+d=0, deci d=-a si C= o Prin  urmare,
a b
A=| g2 ,cu bla’.
-— -a




2

m 1 . n 1 N
Daca alegem X = si Y= , CU mneZ, rezulta

-m* —-m n® -n
2 1p
m-n 0 m-n 0
X-Y=|, §i(X—Y)2=( ) L
n-m- n—-m 0 (m_n)
Pentru n=1+m avem (X —Y)2 =1,, deci (X —Y)2006 =1,. Asadar, matricele
m 1 1+m 1 1
X=| siY = , cu me Z\Y0,—1} verifica cerintele. P
-m* -m —(1+m)" —(1+m)
TOTAL 7p
Subiectul 4
. . 1 A
Daca x >0, atunci In(1+x)>In1=0, deci X,=X +———>0. Procedand
In(1+x,)
inductiv obtinem: X, >0, Vn>1. 1p
1 .
Rezultd X,,,—X, =————>0, Vn>1, ceea ce arata ca sirul (x,) , este strict
In(n+x,) "=
crescator.
Presupunand prin absurd ca (Xn)nzl este marginit, rezulta cd 3IM >0 astfel Tncat
X, <M, vnx>1.
Avem X, , —X = ! > | vk >1 si ni(x —-X )>§;
“C T In(n+x)  In(nem)T T T gttt A n(ne M)
n-1 .
de unde obtinem X, — X, > —————. Prin trecere la limita, rezulta limx, =oo. Fals!
In(n+M) N>
Prin urmare, (Xn)nZl este nemarginit si, Intrucat (Xn)nZl este strict crescator, rezultd
limx, =c. 1p
. X X —X . 1
Cu teorema Stolz-Cesaro avem lim—= = lim " = |im————=0. 1p
o= e ntl-n o no=in(n+x,)
- . Inn . X : X1 —X
Apoi, din nou cu teorema Stolz-Cesaro, lim—-x, =lim——=Iim i
n—>wo n—o N oo N+1 _ n 1p
Inn In(n+1) Inn
_ 1 Inn-In(n+1)
=lim . 1p
>=\ In(n+x,) (n+1)Inn—nin(n+1)
Inn-In(n+1 In(n+1
~ lim I(l ¥ (0+2) | iy nn — UL R NP P
nN—o0 n n+X nN—o0 n
" In L +Inn Inn+|n£1+j In L +Inn
n+1 n n+1

TOTAL

p
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