Solutii si bareme orientative

Clasa a XllI-a
Orice alta rezolvare se asimileaza conform baremului.

1.a) Avem f,(x,y)°f, (x,y) = fu (x + vy + vz—z,y + v)=

v? u? (u + v)?
= x+vy+7+u(y+v)+7,y+u+v = x+y(u+v)+T,y+u+v =

= fusv- (2p)
folx,y) = (x, ), (1p)
£ ny) = (x F oy + Ly (—t)) = f(6y), ¥(x,y) € E. (1p)
b) Rezulta din punctul a). (1p)
¢) Se defineste @: R = G, p(x) = f;, x € R si se arati cd ¢ este izomorfism. (2p)

2.Dacix €EH,,y EH, = x™=1,y"=1= (xy)mnl = xymnl. ymnl - 1 o

=Xy € H[m,n] = Hm . Hn c H[m,n] (1) (Zp)
Dacd z € Hppp) =z = zlmnl+1 sidaca d = (m,n), atunci m = da,n = db, unde

a,b €N,(a,b) =1=3Fu,v € Zastfel incat 1 = au + bv,

7 = Z[m,n]+1 — Zdab+1 — Zdab+au+bv — Zdab+au _va = yau, va_ (2p)
Alegem x = zP7, y = z% i obtinem ca x™ = (zPV)4¢ = (z9aP)? = 1, y" = (zW) =
(Zdab)u =1

= X € Hy,,y € Hy, siz = xy. Avem deci Hy, ,j € Hyp, * Hy (2). (2p)
Din (1), (2) rezultd Hy, * Hy, = Hpp ). (1p)

3.a) Fie Q(tgx) = axtg®x + ax_1tg" *x + --- + a;tgx + a,. Atunci:
(e* - Qtgx)) = e*Q(tgx) + e*Q'(tgx)(1 + tg*x) =
= e*(Q(tgx) + Q'(tgx) + tg’x - Q' (tgx)), (2p)
P(tgx) = Q'(tgx) + Q(tgx) + tg?x - Q'(tgx), gradQ= gradP — 1. (1p)
b) Conform cu a), se cautd o primitiva a functiei

e*(2tg3x + 3tg?x + 4tgx + 2) de forma: e*(atg?x + btgx + ¢) = F(x),F: (—g,g) - R,
F'(x) = e*(atg®x + btgx + c + 2atgx - (1 + tg?x) + b(1 + tg?x)) =
= e*(2atg3x + (a + b)tg*x + (b + 2a)tgx + c + b) = e*(2tg3x + 3tg?x + 4tgx + 2).

(3p)
Prin identificare, a = 1,b = 2,¢ = 0. Rezulta ca:
[e*(2tg3x + 3tg?x + 4tgx + 2)dx=e*(tg*x + 2tgx) + C. (1p)
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4.Deoarece sinx > 0,V x € (g,?), avem f(x) = i LT
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f(x)dx = [ ——dx.
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Cu schimbarea de variabila t = w — x, dt = —dx, avem
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