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Solutii si bareme

21 tez x=2 ez [x=3 ez [x23og
dx+4 | 2x-1 3
L x5 3 T\raxea] 2x-1 < \let+6 “r2t+2 Tl oe2 . T
X= [ }_ -0 [ }—t:O { —t}:O 0< -t<1
4x—-5 3 6t—3 2t-1 2t—1
..2p
3+1
%41 X:T,teZ X:—Bt;]',teZ X:—St;]',teZ
=2 " tez X
— teZ
= 2 10< 222 O o2 3 2)(2-1)2 00 | (22-3-2)(2-1) <0
<—2tz+3t+2<1 2t-1 2120
2-1 221 3+2 2% +t+3 (2 -t-3)(2-12)>0
S —— | —1<0
2-1 2A- ..2p
3t+1
-2 ez
3l ez e 3A+1
2 1 1 =——teZ t=2
< (2+1)(t-2)(2-1)< 0= te(—w,—g}u[z,Z}z 1 3 1° 7.
(2t-3)(t+1)(2t-1)>0 te(—l——)u(—,z 2
1 3 2 2
te —l,—}u —,00
2 2. 2p
S={Z}.
20 1p
2.a)4X3+4X2—7X+2=(X+2)(2X—1)220,(V)X€[—2,OO). ..... 3p
« 7 o 1 7 .. I 7
b) Daca a=b=c=-2= kzz,daca a=b=c=§:> ksz,dem singura valoare posibila pentru k este — ...1p
Din a) rezulté a3+a2+%2;a, b3+b2+%2£b, c3+02+%2£c, de unde prin sumare, rezultd ... 2p

a3+b3+c3+a2+b2+cz+gzg(a+b+c),deci k:%.
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3. Demonstram prin inductie matematica. Facem verificarea

1]2 1 2| 3| 4
pentru primele 3 valori aelui n (vez figura aalturata). ..... 1p e ol @ 5 . ‘ ‘
Apoi presupunem P(k): “Patratul poate fi Tmpétit in k 4 w1 s

6 6 7 —
patrate” adevarata si demonstram P(k+3): “Patratul poate fi ’ 7
impartitin k+3 patrate”. 2p
Pentru demonstratie se observa ca prin impartirea unui patrat din cele k n 4, obtinem k + 3 patrate.  ...... 4p

4. a) Fie M mijlocul lui [BC]si G centrul de greutate al triunghiului ABC. Construim BGCN paralelogram.

Atunci vom avea:

(1) GB+GC =GN (reg. paraelog.). Din BGCN paralelogram=> BCNGN ={M} ,mijlocul lui [BC].  ....1p

Dar A,G,M coliniare si G,M,N coliniare , deci A,G,M,N coliniare. Avem urmatoarele relatii vectoriale:

GN =2GM si GA=-2GM (G fiind centrul de greutate al a ABC).

Introducand in relatia (1), obtinem: GB+GC =GN = -GA= GA+GB+GC =0 =

GO+OA+GO+0B+GO+0C =0=3G0O+0A+0B+0C=0= OA+0B+0C = -3GO0 =

OA+OB+0C =30G = @:%(O—A+O—B+O—C)

b) A,B,C pot fi varfurile unui triunghi daca si numai daca A,B,C necoliniare.

Ap
..... 1p

...... 1p

...... 1p

.Ap

A,B,C coliniare=> 3k e R {Gai AB=kBC < (a—3i +(b- )] =k(i +])=a-=b- ==k

< a=b(=k+1)Deci A,B,C sunt varfurile unui triunghi daca si numai dacd a=b.
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Solutii si bareme

a? p? (a+b)2 *

L—+=2"———(V)abeR(V R

xJr y  X+y (vjabeR (Vheyek,
2 2 2

=2 yXJ;/b -2 (a)l(iby) < (ptcax+y>0si xy>0) (a2y+b2x)(x+ ¥)=(a+b) xy - 3P

@%+a2y2+b2x2+/b%2%+2abxy+/b%c> a’y’ —2abxy+b’x* >0

o (ay-bx)">0(¥)abeR;(V)x yeR,

( patratul oricarui numar real este pozitiv) ... 4p

2.a) Pana la sfarsitul anului sunt 10 luni, iar productia se va dubla de 10:2=>5ori. Deci se vor fabrica

540(2+ 22+23+24+25) 540. 2. 22—11:33480 perechi de pantofi. 3p

b) 276840: 2 =138240 perechi de pantofi, de unde 540-2" =138240 < 2" =138240:540 < 2" = 256 <
< n=48, deci dupa 8 grupe de céte 2 luni, adica 16 luni (1 an si 4 luni), Tn iulie 2014 se va obtine productia de
276480 pantofi. ~LGAp

3.MA+MC = MB+ MD < MA—MD = MB-MC < DA=CB adevarat, deoarece ABCD paralelogram ...... 7p

4.a)1— 1 n+l-n_ 1

n n+l n(n+1) B n(n+1)

1 1 al)1 1 5
b =—t—t. === +...+ =1-—=—. o
) S 1.2 2.3 56 1 g g /:g %/ 6 6 P
3
c) Sn:i+ 1o 21 ot n (V)neN LnAp
1.2 2.3 n+1 “h+l C n+l n+l

0)s<Le M B o inillen<il s neN .nmaim =n=10. . 2p

n+1

(V)neN .Ap

111 n 111y
>

e) S, > < <112n>11In+111<n>111's neN ,n mnim=n=112. ... 2p
112 n+1 112
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Solutii si bareme

1) Afirmatia este adevarata. 1p
V2
Exemplu: a=(\/§) Si b=v2. 2p

Dacéd ae @Q, atunci acesta este exemplul de numar irational : 2, care ridicat la numérul irational V2 da numar

rational. 1p
< . 2 V2 V2 2 . .

Daca ac R\Q, atunci a*'“ = (\/E) =(\/§) =2eQ,deci aeR\Q,V/2eR\Q sia“eQ. .. 3p
2) e= _1+2|\/§ este una dintre raddcinile complexe nereale ale unitatii. ... 1p
Aceasta verifica ecuatiile: 22=1si 22 +z+1=0, e dp
o -1-i3 s ) \ y

lar € = R e“ este ceade-a doua radacina complexa nereala a celor doua ecuatii. ... 1p
Deci e’ +e+1=0,e°=1,e*=e .Atunci vom avea: ...Ap

2 2 _\2 _
(z—l) +(z—e) +(z—e) =72 27241+ 7% -2e+e’+7° 28 +68%=7°_27+1+ -2 +e’+ 7 - 2%+e=

=37 -2z(e’ +e+1)+(e’ +e+1)=37 ....3p

0 0
3) Facem urmatoarele notatii :

lga=x,Ilgb=vy,lgc=2
. o[ ab [ bc . ca 2 2 ’
Atunci:1g®| — |+1g®| = |+Ig 5 =(lga+Igb-Igc) +(Igb+lgc—-lga)” +(lgc+Iga—-Igb)” =
C a

=(x+y—z)2+(y+z—x)2+(z+x—y)2 2P
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Igﬁ—lgaﬂgbﬂgc—§—x+y+z—E 1p
/1000 4 4 T
Inegalitatea din enunt devine :

(x+y—z)2+(y+z—x)2+(z+x—y)22x+y+z—:31<:> ..... 1p

3(x2+y2+22)+%—2xf—}yf+;yf—%—2xz+zﬁ—2Xy—2y22 X+y+ Z—ZQ """ 1p

(k-9 +(x-2 #(y-2f +X 4y 4 2o xoy-20 3200 1

2

(x—y)2+(x—2)2+(y—z)ﬂ(x—%)l(y—%)l[z—%) >0 .Ap

Cum suma patratelor unor numere reale este pozitiva, oricare ar fi numerele respective, ultima afirmatie este
adevarata.

4) Aplicam inegalitatea mediilor pentru numerele reale pozitive: osmix geestx. 1p

O e N - 2P

Dar conform ecuatiei din enunt, rezulta ca mediile sunt egale, egalitatea avand loc daca si numai daca numerele

sunt egale. Deci: 1P

28 x _ 008" x _y gin? ¥ — cog? X

p

.3
dar pentru XE(O,E),sinx>O,cosx>0:>sinx=cosx:>x= : P

AT
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Solutii si bareme

3
1. Prin ridicare la puterea a 3-a, obtinem 38+17+/5 = (a+ b\/g) =N

= 38+17\/§ —a’+ ?:azb\/§+15ab2 + 5b3\/§ = 38+17\/§ = (a3 +15ab2)+ (3a2b+ 5b3)\/§ IS

e eZ

3 2
a° +15ab“ =38
= { " (altfel, am ajunge la contradictia J5¢e Q) , deunde

3a%b+5b° =17

a(a2+15b2):38 ab>0
= b|17 :>{
b(3a®+50%)=17 | g (B2
lagy @ +lagy X+ +Hlogy @™ 2log, x+3lag, X+ +2004lag, X _ logy X(2+3+.. +2014)
Iog7x3+log7x+ +Iog2x2014 3lag, x+4log, x+.. +2004log, X logy X(3+4+.. +2015)
(2+2014)-2013 1008.19%
' 5 ~1008-log, X g2 _ 1008- Ig7

2. E

log, X

adica este independenta de x, pentru orice xe(0,1)U(1,).

XE(—oo l) (2 oo)

X2 —3x+2>0
3. Conditii de existenta: X —3X+2#1 ]R\{3 \E} <:>Xe(—4,1)u(2,4)\{3i2\/§}
16—x% >0
Xe(—4,4)

sicum xeZ, obtinem xe{-3-2,-1,0,3},
iar suma acestora este —3.

4. Fie z=a+bi, unde a,beR:>|z|:\/a2+b2

..3p

. Ap

...op
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_ b=4
Ecuatia se rescrie: a+hi+/a+b% =8+4 @(a+\/a2+b2)+b' _gi4 s aVE =8 _
b=4 V&l +16=8-a

Se impune conditia de compatibilitate 8—a>0«< a<8«< ac (—oo,8],

prin ridicare la patrat obtinem a’+16=64-16a+a’ < 16a=48< a=3,

deci solutia ecuatiei este z=3+4i .
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Solutii si bareme

1. a) Dezvoltand determinantul obtinem: f (x) =€**2*% 1 2™ _3= ) (x2+2x+a) -3 . 2p
Notand : &% =t>0, ecuatia f (x)=0 devine:

t? +?2—3=0<:>t3_ﬁ=O©(t_1)ztﬂ=O©(t—1)2(t+2)=0:>t1=1> Ot,=-2<0 ... 1p
Revenind la notatie, vom avea : ) _1 2 xras 0(*).

Ecuatia are solutiireale < A>0<1-4a>0< ac (—oo,ﬂ S 1p

a) Ecuatia f (x) =0 are toate solutiile strict negative < ecuatia (*) aresolutiile x, x, strict negative.....1p

A>0
<41S<0unde S=x+%=-LP=x-x,=a = . 1p
P>0

o

-1<0 adevarat < ae (Oﬂ

ae(O,oo)
......... 1p
k-1 k1, kB 2 k-1, pk
2.1)=2) A+B+B+.. 4B =Q,[B=>MAB+B*+..+ B+ B=Q, = A+B+B*+.+B+B=Q,=B=0Q, ....3p
Q
2)=1) Stim ca B=0,, vk e N,k >2.Demonstram prin metoda inductiei matematice afirmatia de la (1) ...... 1p

P(k):A+B+B?+..+B“'=0,,Vke N,k>2

1)P(2): A+ B=0, de verificat

AB=A+B B?=0,

O,=B’=AB’=(AB)B = (A+B)B=AB+B’ = AB=A+B=A+B=0 = P(2) adevirat. .. 1p
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1P (k) - P(k+1)
P(k): A+B+B?*+..+ B“" =0,,pentru k e N,k > 2fixat , ipoteza de inductie

P(k+1): A+ B+B’+..+ B!+ B“=0,, trebuie demonstrat

Din P(k):ArB+...+B"1:Q‘+B<(:q):>A+B+BZ+...+B"1+B‘:Q =Rk+): A+B+B'+..+B7+B‘=Qadevarat.

Z“:kz—k+1=2”:k2—k+1=2”:kz-k+1=2“: 2K+l
= Kk S (Kk) Gk k;ﬂ(kﬂ)M
_y 1 :n(l_ijzl_izi

k(k+1) k k+1 n+l n+1
k=1 k=1

. I (-2 D)= i (- fxwxfl)_nmxa( g f_i@

L S SR NS Y SN s S, 4
_lﬂr?oxa(x/x—ﬂh/; x/x_—1+x/_j e (\/x_+1+\/—)(\/_1+x/_)J
= lim »& A-1-X-1 }

(Ve LX) (VL V) (1) |

T

Discutie:

1)Pentrua<§:l=0 2) Pentrua=§:l=—% 3) Pentrua>§:>l=—
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Solutii si bareme

1. D=R = nu exista asimptote verticale. Cum lim f(x)=o0 = nu existd asimptote orizontale . ~ ...... 2p
X—>4o0

Studiem existenta asimptotei oblice la —oo:

2
N x| /1+— —X,[1+ -
_f (X): [im ——=— X +2 = lim ——X =-1, 1p
X

m= lim —= Ilim ——= Iim ——-= lim ——==-1, ...
X——0o X X—>—0 X—)—oo X—»—00

n= lim [ f(x)+x]= lim | VX*+2+x |= lim X +2 XZ:E: L 1p
X—>—00 X—>—00 T 1 X—>—00 ,X +2_x ™

deci y=-x asimptotd oblicala . 0,5p

Studiem existenta asimptotei oblice la +oo:

2
SE2 x| /1+— X 1+
) _ Iim ~ lim X" -1, 1p
x—>oo X

m= lim
X—wo X X—>00

X—>00

La2- 2 2 o

n=lim[ f(x)-x]=lim|Vx*+2-x|= lim =£=0,
X—)oo[ ] X—>00 T I X—>—00 /X 124x ©

deci y = x asimptotd oblica la +oo. 0,5p
X Lol X+3 X+3 X+ 11

2.1 2 = 1 2 x|=(x+3)1 2 :(x+3)-(2+x+2x—4—x2—1)::(x+3)-(—x2+3x—3) ...... 4p
2 X 2 X 1 2 X

Cum determinantul este nul < (x+3)-(—x2+3x—3):0, adicd x+3=0=x=-3 ... 1p

sau —x?+3x—-3=0, dar A=-3<0 si ecuatia nu are solutii reale. Deci S={-3}. ... 2p
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sin(xz—l) eX2—1_1
(2 , S N— X+1 (21
3 Iimsm(x _1)-ex_l—lim X1 b L1 _21.1 7p
ol g(x3_1) -1 xol ~ 2 2 323 7
o(x*-1) tg(x*-1] (g (Ronsd A1) (+1)
-1
Nl
4 0 -
4.a) det(A+3l3)=10 3 0|=48+3=51. 2p
10 4
0 0 -2 2 0 -2 4 0 4
by A>=|0 0 0| A>=A2.A=| 0 0 0| A°=A>A2={0 0 O|si ... 1p
20 0 2 0 -2 4 0 -4
4 0 4) (4 0 -4 (0 00
A°+4A=| 0 0 0 |+|0 O 0|=/0 0 0|=05 1p
-4 0 -4/ 40 4) (000

¢) Din (b) = A+AA-Q=R =4 R=R. K= aR—(-47 A B-R AL R-(HA. AC(H"A= ... 1p

A+ A0+ A0 A2O1B Ay (—8) At (—4) At +(—4)F A= [1+ (=4)+(-4)+..+ (—4)503} A=

_ 504_ 4504
:( 4) 1A:1 4 A 1p
~4-1 5
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Olimpiada Nationala de Matematica
Etapa locala - 15.02.2014
Clasa a Xl-a M,

Solutii si bareme

1. a) Dezvoltand determinantul obtinem: f (x) =€**2*% 1 2™ _3= ) (x2+2x+a) -3 . 2p
Notand : &% =t>0, ecuatia f (x)=0 devine:

t? +?2—3=0<:>t3_ﬁ=O©(t_1)ztﬂ=O©(t—1)2(t+2)=0:>t1=1> Ot,=-2<0 ... 1p
Revenind la notatie, vom avea : ) _1 2 xras 0(*).

Ecuatia are solutiireale < A>0<1-4a>0< ac (—oo,ﬂ S 1p

a) Ecuatia f (x) =0 are toate solutiile strict negative < ecuatia (*) aresolutiile x, x, strict negative.....1p

A>0
<41S<0unde S=x+%=-LP=x-x,=a = . 1p
P>0

o

-1<0 adevarat < ae (Oﬂ

ae(O,oo)
......... 1p
k-1 k1, kB 2 k-1, pk
2.1)=2) A+B+B+.. 4B =Q,[B=>MAB+B*+..+ B+ B=Q, = A+B+B*+.+B+B=Q,=B=0Q, ....3p
Q
2)=1) Stim ca B=0,, vk e N,k >2.Demonstram prin metoda inductiei matematice afirmatia de la (1) ...... 1p

P(k):A+B+B?+..+B“'=0,,Vke N,k>2

1)P(2): A+ B=0, de verificat

AB=A+B B?=0,

O,=B’=AB’=(AB)B = (A+B)B=AB+B’ = AB=A+B=A+B=0 = P(2) adevirat. .. 1p
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1P (k) - P(k+1)
P(k): A+B+B?*+..+ B“" =0,,pentru k e N,k > 2fixat , ipoteza de inductie

P(k+1): A+ B+B’+..+ B!+ B“=0,, trebuie demonstrat

Din P(k):ArB+...+B"1:Q‘+B<(:q):>A+B+BZ+...+B"1+B‘:Q =Rk+): A+B+B'+..+B7+B‘=Qadevarat.

Z“:kz—k+1=2”:k2—k+1=2”:kz-k+1=2“: 2K+l
= Kk S (Kk) Gk k;ﬂ(kﬂ)M
_y 1 :n(l_ijzl_izi

k(k+1) k k+1 n+l n+1
k=1 k=1

. I (-2 D)= i (- fxwxfl)_nmxa( g f_i@

L S SR NS Y SN s S, 4
_lﬂr?oxa(x/x—ﬂh/; x/x_—1+x/_j e (\/x_+1+\/—)(\/_1+x/_)J
= lim »& A-1-X-1 }

(Ve LX) (VL V) (1) |

T

Discutie:

1)Pentrua<§:l=0 2) Pentrua=§:l=—% 3) Pentrua>§:>l=—
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Olimpiada Nationala de Matematica
Etapa locala - 15.02.2014
Clasa a XI-a M,

Solutii si bareme

1. D=R = nu exista asimptote verticale. Cum lim f(x)=o0 = nu existd asimptote orizontale . ~ ...... 2p
X—>4o0

Studiem existenta asimptotei oblice la —oo:

2
N x| /1+— —X,[1+ -
_f (X): [im ——=— X +2 = lim ——X =-1, 1p
X

m= lim —= Ilim ——= Iim ——-= lim ——==-1, ...
X——0o X X—>—0 X—)—oo X—»—00

n= lim [ f(x)+x]= lim | VX*+2+x |= lim X +2 XZ:E: L 1p
X—>—00 X—>—00 T 1 X—>—00 ,X +2_x ™

deci y=-x asimptotd oblicala . 0,5p

Studiem existenta asimptotei oblice la +oo:

2
SE2 x| /1+— X 1+
) _ Iim ~ lim X" -1, 1p
x—>oo X

m= lim
X—wo X X—>00

X—>00

La2- 2 2 o

n=lim[ f(x)-x]=lim|Vx*+2-x|= lim =£=0,
X—)oo[ ] X—>00 T I X—>—00 /X 124x ©

deci y = x asimptotd oblica la +oo. 0,5p
X Lol X+3 X+3 X+ 11

2.1 2 = 1 2 x|=(x+3)1 2 :(x+3)-(2+x+2x—4—x2—1)::(x+3)-(—x2+3x—3) ...... 4p
2 X 2 X 1 2 X

Cum determinantul este nul < (x+3)-(—x2+3x—3):0, adicd x+3=0=x=-3 ... 1p

sau —x?+3x—-3=0, dar A=-3<0 si ecuatia nu are solutii reale. Deci S={-3}. ... 2p
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sin(xz—l) eX2—1_1
(2 , S N— X+1 (21
3 Iimsm(x _1)-ex_l—lim X1 b L1 _21.1 7p
ol g(x3_1) -1 xol ~ 2 2 323 7
o(x*-1) tg(x*-1] (g (Ronsd A1) (+1)
-1
Nl
4 0 -
4.a) det(A+3l3)=10 3 0|=48+3=51. 2p
10 4
0 0 -2 2 0 -2 4 0 4
by A>=|0 0 0| A>=A2.A=| 0 0 0| A°=A>A2={0 0 O|si ... 1p
20 0 2 0 -2 4 0 -4
4 0 4) (4 0 -4 (0 00
A°+4A=| 0 0 0 |+|0 O 0|=/0 0 0|=05 1p
-4 0 -4/ 40 4) (000

¢) Din (b) = A+AA-Q=R =4 R=R. K= aR—(-47 A B-R AL R-(HA. AC(H"A= ... 1p

A+ A0+ A0 A2O1B Ay (—8) At (—4) At +(—4)F A= [1+ (=4)+(-4)+..+ (—4)503} A=

_ 504_ 4504
:( 4) 1A:1 4 A 1p
~4-1 5
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Solutii si bareme

1. Functia f este continua pe R ,deci admite primitive pe R . Utilizam formula de integrare prin parti. ...1p

T g e Tl
1+ 1+

2 , 2 —x2 2|x
Ob;inem:J‘arCCOS 1 X2 dx:j(x) - arccos 1 X2 dX = X-arccos 1 X2 —J- | |2dX,
1+x 1+x 1+x 1+x

Dacéd F este o primitivaa lui f , atunci (3)c;,c,,c3 € R astfel Tncét

2

x.arccos[ X2J+In(1+ x2)+cl, x<0

1+x
F(x)= C,, X=0 :
X- arccos 1-x° —In(1+x2)+c>3 x>0
1+ % ’

Cum F este continug, din conditia F(0—0)=F(0+0)=F(0), obtinem ¢, =c, =c;, ..

2
X arccos 1 X2 +In(1+x2),x£0
1+ x
= F(x)=c+ , ., unde ceR.
x.arccos(lerzJ—ln(ler )+%,x>0

2. @) Utilizam formula de integrare prin parti, avem:

Icos(x3+1)dx: I(x)’ cos(x3+l)dx= xcos(x3+1)+3jl xssin(x3+1) dx.

b) Utilizand formula de integrare prin parti, obtinem:

.Ap
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I :I4cos(x3+1)dx:f(4x)' cos(x3+1)dx:4xcos(x3+1)+12jx33in(x3+1)dx: ....... 1p
:4xoos(x3+1)+12I X Isin(x3+1)dx=4xoos(x3+1)+12X—43in(x3+l)—12IX—4-3xzoos(x3+1)dx= ....... 1p
4 4 4
= 4xcos(x3+1)+3x4sin(x3+1)—J‘9x6 cos(x3+1)dx, = 1p
J
I<4+9xe)ms(x3+l)dx=l +J= :4xcos(x3+l)+3x4sin(x3+1)+C. LWAp
3. Xxy=Xy—2X—2y+6=xy—2X-2y+4+2=x(y-2)-2(y-2)+2=(x-2)(y-2)+2,(V)x,yeZ ....... 1p
x*x:(x—2)2+2, x*x*x:(x*x)*x:(x—2)3+2,..., x*x*...*x:(x—Z)n+2,(V)XEZ,neN,n22. ...... 1p
denori
Demonstrdm prin inductie : Fie xe Z, P(n): x*x*...xx=(x-2)"+2,neN,n>2. P(2este adevdrat.  .....1p
de n ori

Presupunem P(k) adevarat si demonstrdm P(k+1), unde k € N,k > 2 arbitrar fixat.

P(k+1):x*x*...*x:(x*x*...*x)*x:[(x—z)k+2—2}(x—2)+2:(x—2)k+1+2,deci P(k+1) adevarat.
— . 7
de k+Lori deK ori
Asadar P(n) adevarat (V)neN,n>2. 2p
Avem 5x5%.. x5=(5-2)"" 4 2=324 2 gj restul impartirii la 3°% ete2. ... 2p
%r_/
de 2014 ori

1 2x 5¢%-2x|(1 2y 5y2—2y 1 2y+2x 5y2—2y+10xy+5x2—2x
4.a) A-A=|0 1 S5X 0 1 5y |=|0 1 5y +5x =
0 O 1 0 O 1 0 0 0

1 2(x+y) 5(x+y)2—2(x+ y)
=0 1 5(x+Y) = Ay, (V)X yerR 2p
0 0 1

b)Din &) A- A=A, x+yeR, deci A-A G, (V)A,A €G, deci inmultirea este lege pe G (1) ...... 0,5p
Observam c& A=A <x=y. Inmultirea matricelor este asociativa pe Ms(R),GMVYR), deci si pe G (2)....0,5p

Ay =13 € G, deci inmultirea admite element neutru (3. . 0,5p

Pentruorice xe R, avem A-A,=A,- A=Ay =I5, deci toate elementele sunt simetrizabile (4). ...... 0,5p
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Din (1),(2),(3).(4) rezulta (G, -) grup.

¢) F(ACA)=T(Auy)=x+y= f( )+ f(A).(V)A.A €G,deci f morfism(A).
Fie A, A, €G astfel incét f ( f( ):>x y= A=A = f injectivd (B,).

Fie ye R, atunci (E)AyeG astfel incét f(Ay):y, deci f surjectivd (B,).

Din (By) si (B,) rezultd f bijectivd (B). Din (A) si (B) rezultd f izomorfism.
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Olimpiada Nationala de Matematica
Etapa locala - 15.02.2014
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Solutii si bareme

1. a) 2(x—3)(y—3)+3:2(x2—3x—3y+9)+3=2xy—6x—6y+ 21=xxy, (V)x,yeR. ... 2p

b) Cautdm “zeroul” legii: aeR pentru care a*x=x*a=a, (V)xeR.
axx=a<2(a-3)(x-3+3=a<2(a-3)(x-3—(a-3)=0<(a-3) 2(x-3)-1]=0(V)xeR, deci a-3=0=a=3, ... 2p
verificim x*3=2(x—-3)(3-3)+3=3(V)xeR, deci 3*xx=x*3=3,(V)xeR. ... 1p

"+" asociativa

Avem 1x2x. %2014 =  (1%2)#3%(4%.. *2014)=3+(4*..%2014)=3. ... 1p

c) Raspunsul este afirmativ. Putem lua, spre exemplu, a=3++/3, b=3+2J3eR\Q,

obtinem a*b=2(3+\/§—3)(3+2\/§—3>+3ZI5EN. ........ 1p
2. Avem I+J=Ide=J.dx=x+C,respectiv ....... 2p
Sin X+ COSX
Xe| 0,%
+J= ICOSX SlnXd —dex Injsinx+cos+C = In(snx+cosx)+C ... 2p
Sin X+ CosX Sin X+ Cosx
I ZE[(I +3)—(~I +J)]:§[x—ln(sinx+cosx)]+c,iar ...... 1,5p
1 1 :
J :E[(I +J)+ (-1 +J)]:§[x+ln(smx+cosx)]+c .. 1,5p
3. F este primitiva pentru f < F'(x)=f (X),(V)Xe(l,oo)@[(ax-l-b)\/x—l]’=\/X—l,(V)X€(1,00)<:> ...... 2p
aVX—1+(ax+b)- 2\/1_1 =Vx-1 2a(x-1)+(ax+b)=2(x-1) < 3ax+(b-2a)=2x-2,(V)xe(Lo) = ...... 3p
X_

a_2
3a=2 )

b-2a=-2"| _ 2
3
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4.a) A(x)~A(y):[1 Xj-(l y]:(l X+yJ:A(x+y) sicum x+yeZ, rezults A(x)-A(y) G, deci

0 1){0 1 0O 1
inmultirea este legepe G (1. 1p
Inmultirea matricelor este asociativd pe M, (R), GeMy(R), decisipe G (2). ... 1p
A(0) = I, € G, deci inmultirea admite element neutru (3. . 1p

(V) xeZ, avem A(x)- A(—x)=A(-X)- A(X)=A(0)=1,, deci toate elementele sunt simetrizabile (4). ......1p
Din (1),(2),(3),(4) rezulta (G, -) grup.

a)

b) f(x+y)=A(x+Yy)=A(x)-A(y)=f(x)-f(y), (V)X yeZ,deci f morfism (A). ... 1p
Fie x,y e 7 astfel incit f(x):f(y):>A(x)=A(y):>((1) ﬂ:(; ﬁ:x=y:>f injectivd (By). ......1p
Fie A(X)eG, atunci xeZ astfel incét f(x)=A(x),deci fsurjectiva (B,). ... 1p

Din (By) si (B,) rezultd f bijectivd (B). Din (A) si (B) rezultd f izomorfism.
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